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GammaLib Mathematial Implementation 11 Introdution2 Spatial models2.1 ShellFuntion2.1.1 Small angle approximationThe shell funtion is a radial funtion f(�), where � is the angular separation between shell entre and theatual loation. In the small angle approximation sin � � �, the shell funtion is given byf(�) = f08>>>>>><>>>>>>:
q�2out � �2 �q�2in � �2 if � � �inq�2out � �2 if �in < � � �out0 if � > �out (1)is the radial funtion. f0 is a normalization onstant that is determined by2� Z �=20 f(�)� d� = 1 (2)in the small angle approximation. UsingZ xpa� x2 dx = �13(a� x2)3=2 (3)we obtain1f0 = �2�3 h(�2out � �2in)3=2 � (�2in � �2in)3=2 � (�2out)3=2 + (�2in)3=2 + (�2out � �2out)3=2 � (�2out � �2in)3=2i(4)= �2�3 h(�2out � �2in)3=2 � (�2out)3=2 + (�2in)3=2 � (�2out � �2in)3=2i (5)= �2�3 h�(�2out)3=2 + (�2in)3=2i (6)= 2�3 ��3out � �3in� (7)2.1.2 Spherial formulationThe shell funtion on a sphere is given byf(�) = f08>>>>>><>>>>>>:

qsin2 �out � sin2 � �qsin2 �in � sin2 � if � � �inqsin2 �out � sin2 � if �in < � � �out0 if � > �out (8)The normalization onstant f0 is determined by2� Z �=20 f(�) sin � d� = 1 (9)



GammaLib Mathematial Implementation 2UsingZ sinxpa� sin2 x dx = �osxpos 2x+ 2a� 12p2 � a� 12 ln�p2 osx+pos 2x+ 2a� 1� (10)and 2a = 2 sin2 �0 = 1� os 2�0 (11)we an writeZ sinxqsin2 �0 � sin2 x dx = �osxpos 2x� os 2�02p2 + os 2�0 + 14 ln�p2 osx+pos 2x� os 2�0�(12)For the speial ase of x = 0, the integral beomes�p1� os 2�02p2 + os 2�0 + 14 ln�p2 +p1� os 2�0� (13)while for the speial ase x = �0, it redues toos 2�0 + 14 ln�p2 os �0� (14)Using these equations, we an ompute the required integrals:I1 = Z �in0 sin �qsin2 �out � sin2 � d� = p1� os 2�out � os �inpos 2�in � os 2�out2p2+ os 2�out + 14 ln p2 os �in +pos 2�in � os 2�outp2 +p1� os 2�out ! (15)I2 = Z �in0 sin �qsin2 �in � sin2 � d� = p1� os 2�in2p2 + os 2�in + 14 ln p2 os �inp2 +p1� os 2�in! (16)I3 = Z �out�in sin �qsin2 �out � sin2 � d� = os �inpos 2�in � os 2�out2p2+ os 2�out + 14 ln p2 os �outp2 os �in +pos 2�in � os 2�out! (17)We thus obtain12�f0 = I1 � I2 + I3= p1� os 2�out �p1� os 2�in2p2+ os 2�out + 14 ln p2 os �outp2 +p1� os 2�out!� os 2�in + 14 ln p2 os �inp2 +p1� os 2�in! (18)The ratio in 1f0 between the small angle approximation and the orret spherial omputation is shown inFig. ?? as funtion of �out for �in = 23�out.
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Figure 1: Ratio in 1f0 between the small angle approximation and the orret spherial omputation asfuntion of �out for �in = 23�out.3 Spetral models3.1 PowerLawThe power law spetral model is de�ned by I(E) = k�Ep � (19)where� k is the normalization of the power law (units: ph m�2 s�1 MeV�1),� p is the pivot energy (units: MeV), and�  is the spetral index (whih is usually negative).Eah of the 3 parameters is fatorised into a saling fator and a value, i.e. k = kskv , p = pspv , and  = sv.The GModelSpetralPlaw::eval gradients returns the gradients with respet to the parameter value ofthe fatorisation. Note that for any parameter a = asav:ÆIÆav = ÆIÆa ÆaÆav = ÆIÆaas (20)The parameter value gradients for the power law are given byÆIÆkv = ks �Ep � = I(E)kv (21)ÆIÆpv = � pv k�Ep � = � pv I(E) (22)ÆIÆv = s ln�Ep � k�Ep � = s ln�Ep � I(E) (23)



GammaLib Mathematial Implementation 43.2 PowerLaw2This avour of the power law spetral model uses the integral ux f within the energy range Emin andEmax as free parameter instead of the normalization k. The integral ux f is given byf = Z EmaxEmin I(E)dE (24)The power law model is then de�ned by I(E) = ~k E (25)where ~k = 8>>>><>>>>: flnEmax � lnEmin if  = �1f(1 + )E+1max �E+1min else (26)is obtained from Eq. (??).Eah of the 4 parameters is fatorised into a saling fator and a value, e.g. f = fsfv and  = sv. It isassumed that Emin and Emax are �xed parameters, and GModelSpetralPlaw2::eval gradients returnsvalid gradients only for fv and v .The ux value gradient fv is given byÆIÆfv = ÆIÆf ÆfÆfv = ÆIÆf fs = Æ~kÆf Efs = ~kf Efs = I(E)f fs = I(E)fv (27)The index value gradient v is given byÆIÆv = ÆIÆ ÆÆv = ÆIÆ s =  Æ~kÆ E + ~k E lnE! s =  1~k Æ~kÆ + lnE! ~kEs =  1~k Æ~kÆ + lnE! I(E)s(28)where Æ~kÆ = 8>>>>>><>>>>>>: 0 if  = �1f �E+1max �E+1min �� f(1 + )�E+1max lnEmax �E+1min lnEmin��E+1max �E+1min �2 else (29)Note that for  6= �1 1~k Æ~kÆ = 11 +  � �E+1max lnEmax �E+1min lnEmin��E+1max �E+1min � (30)


